In the N-body ring problem, the motion of an infinitesimal particle attracted by the gravitational field of (n 1) bodies is studied. These bodies are arranged in a planar ring configuration. This configuration consists of n primaries of equal mass m located at the vertices of a regular polygon that is rotating on its own plane about its center of mass with a constant angular velocity w. Another primary of mass m 0 m ( 0 parameter) is placed at the center of the ring. Moreover, we assume that the central body may be an ellipsoid, or a radiation source, which introduces a new parameter . In this case, the dynamics are found to be much richer than the classical problem due to the different equilibria and bifurcation characteristics. We find families of periodic orbits and make an analysis of the orbits by studying their evolution and stability along the family for several values of the new parameter introduced.
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I. Introduction L ET us consider n 1 bodies, P 0 , P 1 ; . . . ; P n , such that points P 1 ; . . . ; P n have identical masses m, and the mass of P 0 is m 0 m, with 0 a parameter. The points are arranged in such a way that points P 1 ; . . . ; P n are at the vertices of the regular n gon, whereas P 0 is at the center of this n gon. This configuration is known in the literature [1, 2] as the N-ring configuration.
This kind of configuration is considered as a model of observed phenomena such as planetary rings, some stellar formations, asteroids, the motion of an artificial satellite about a ring, etc.
The problem may be considered a classic one. For instance, Maxwell [3] in 1856 studied the stability of a discrete particle ring and Tisserand [4] in 1889 reformulated Maxwell's analysis and presented a relation between the mass of each ring particle and the number of them in order that the system be linearly stable. However, the problem has recently attracted the attention mainly due to the rich dynamics of the motion of an infinitesimal particle under the attraction of the gravitational field of this multibody configuration presents.
Scheeres [2] investigated this configuration including Hill stability, invariant transformations, equilibrium points, periodic orbits, etc. Kalvouridis [1, 5, 6 ] studied the stationary solutions and the zero-velocity curves and surfaces, and found symmetric periodic motions for the particular cases n 4, 5. In previous work by two of the authors [7] , the evolution with of the equilibrium points was analyzed and the value of the mass parameter for which bifurcations exist was obtained. Furthermore, the problem was extended to consider a central body that is nonspherical or a radiation source (see [8] ) and so, a new parameter is introduced. With this modification, we obtained the equilibria and values of the bifurcations in the parametric plane , which shows big changes in the topology of the extended problem with respect to the classical one.
The introduction of this new parameter models several problems, for instance, where the central body of the ring is no longer spherical, but an ellipsoid of revolution (spheroid). In natural bodies like planets, the spheroid is oblate ( > 0), but we can also think of artificial bodies and assume them to be prolate, in that case, < 0. We can also think of the central body to be a radiations source, and then, the effect of the radiation can be modeled in a similar way to the oblate ellipsoid (see, for instance, [8] ). We can also think of adding a relativistic correction to the potential of the main body, which gives rise to Manev's type potential ( [9, 10] ). For the above cases and for quasi-homogeneous potentials [10] [11] [12] , it is proven in [13] that, as it happens with Newtonian forces, the configuration is homographic; that is, it remains self-similar along the time.
Periodic orbits give most of the information available in complex dynamical systems. Recently, Pinotsis [14] obtained families of periodic orbits for this problem with Newtonian forces. We extend this work here by finding families of periodic orbits for several values of < 0 and fixed values n 7 and 2:0. We considered negative values of the parameter because, as shown in [7] , the dynamics are more complex for negatives values. We focus our attention in xsymmetric orbits, and although we present here representative families with bifurcations in mind, the analysis has been quite exhaustive.
II. Equations of Motion
To describe the motion of the infinitesimal particle let us take a planar reference frame rotating at an angular velocity w, such that the origin is at the center of the n gon, and the x axis is on the line joining the central body with one of the primaries on the ring, say P 1 ; the remaining bodies are numbered counterclockwise.
With a suitable choice of units of time and length, the equations of motion in this synodic frame (Fig. 1) can be expressed as (see [7] for details)
where the effective potential is
r 0 is the distance of the particle to the central body and r i the distance to the mass m i , given by
By introducing the angle =n, the coordinates x i ; y i of the peripheral ith body are
with M 2 sin , and M M 2 is a constant depending on the parameter and the number n of primaries through
The parameter , due to the nonsphericity of the central primary, can be either positive or negative.
Note that system (1) has the Jacobian first integral
As is well known, equilibria are obtained by solving the algebraic system @U @x 0; @U @y 0 and their stability depends on the roots of the characteristic equation:
As shown in [7] , the most interesting situation is obtained when the parameter is negative. Figure 2 shows that the number of equilibria changes depending on . Equilibria (see [7] ) are either on the x axis or on the bisector between two primaries (and their equivalent by symmetries), and, because we are dealing with an odd number of primaries, by cutting the potential with the plane y 0, equilibria will lie on this line, as we see in Fig. 2 for several values of . Bifurcation lines in parametric plane were obtained in [7] .
III. Families of Periodic Orbits
For the numerical determination of periodic orbits, we fixed the value of the parameter 2 and take three different values of , namely, 0:1, 0:14, and 0:3; the reason for this choice is that for the first and last values the number of equilibria are different, and the intermediate value is close to the bifurcation value (see Fig. 2 ).
We focus our attention on periodic orbits that are symmetric with respect to the x axis; that is, they perpendicularly cross the x axis exactly twice per period. They are known as simple periodic orbits. These symmetric orbits exist because of the symmetries of the problem. Indeed, the transformation 
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x; y; _ x; _ y; t7 !x; y; _ x; _ y; t leaves equations of motion (1) invariant. Thus, the initial conditions (at t 0) for a such symmetric periodic orbit are
whereas at instant T=2 (half-period), the solution must be
Among the existing methods of finding periodic orbits we have selected the grid-search method [15] , because for our case it is quite efficient. Let us outline the procedure used. Solutions of the system (1) are continuous functions of the initial conditions and time and, besides, this system has the Jacobian constant (3), hence for given values of the Jacobian constant C and the initial condition x 0 , we calculate _ y 0 . Then, we keep the value of C and make a small variation of x 0 by increasing it in x 0 . For each value of x 0 we numerically integrate the equations of motion until the orbit crosses again the axis of symmetry (simple periodic orbits). Let T=2 be this time. For each orbit, we check the sign of _ xT=2. If for two successive orbits corresponding to x 0 and x 0 0 x 0 x 0 , the velocity _ xT=2 changes its sign, that is, if _ xT=2 _ x 0 T=2 < 0, then, because of the continuity of the solutions, there exists a value x 0 2 x 0 ; x 0 0 for which _ xT=2 0, which means a symmetric periodic solution. We record every interval x 0 ; x 0 0 where a change of sign of _ xT=2 occurs. The same procedure is repeated with another value of C 0 slightly different from the previous one C 0 C C. Therefore, by double scanning (grid search) the x 0 C diagram, we finally build a file containing the intervals where symmetric orbits probably exist. During the scanning process we considered _ y 0 > 0. Then, a bisection method is applied to obtain the "exact" initial conditions of the symmetric periodic orbits. We used a Runge-Kutta (7)8 method for the numerical integration and the accuracy in the bisection method was up to 10 9 . In this paper we name direct orbits as those that are described in the same sense as the rotation of the synodic coordinate system and retrograde orbits as those that are described in the opposite sense. There are cases where some orbits present loops; however, although the sense of the particle motion may reverse along the loops, the dominant character (direct or retrograde) of the trajectory after one period does not change.
The isoenergetic exploration reduces the system to a symplectic map of the plane x; _ x and the Jacobian matrix of the map is often represented as
The eigenvalues of this matrix play a major role in discussing the stability of the orbits [16] [17] [18] . Indeed, the trace of this matrix k a d is called stability index. It was shown by Hénon [16] that the stability boundaries are k 2 (two eigenvalues of 1) and k 2 (with two eigenvalues of 1). The condition of symmetry gives a d, hence the stability condition is simply jaj < 1, and this is the criterium used for this paper.
IV. Periodic Orbits
For the three selected values of , we obtain several families of periodic orbits as can be seen in Figs. 3-5 . The analysis here presented is restricted to the intervals 2:6 x 0 2:5 and 0 C 10.
Because both 0:1 and 0:14 belong to the same region of the parametric bifurcation plane [7] , the obtained families are quite similar. For negative values of x 0 there are two equilibria which trigger the presence of new families, such as the group N; the same situation happens for the equilibrium at x 0 > 0, with the P group of families. However, for 0:3, these equilibria no longer exist; hence the corresponding families are not present. Families of groups N and P will be analyzed in more detail.
In this section we describe some representative orbits of the families. In general, for each value of the parameter we take three orbits for three different values of the Jacobian constant C. In Tables 1 and 2 we give the initial conditions for the considered orbits: the period T and the stability index jaj; we plot them and describe their main features.
A. Family F
The family (see Fig. 6 ) consists of retrograde orbits and highly unstable orbits. Along the orbit, the particle initially traces a short 
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trajectory in the interior of the imaginary circle of the primaries, exits at a point between P 4 and P 3 , and then describes a long arc outside the primaries and reenters the circle passing through the "entering" point which lies between P 6 and P 5 , because of the symmetry. The sizes of the orbits, as well as the periods, decrease as the energy C does.
B. Family G
Orbits of this family (Fig. 7 ) are retrograde and highly unstable. The particle initially traces a short trajectory in the interior of the imaginary circle of the primaries, and exits at a point between P 4 and P 3 ; then, it describes a short arc outside the primaries, reenters the circle at a point betweenP 3 and P 2 , exits again between P 7 and P 6 , and finally reenters passing through the entering point which lies between P 6 and P 5 . The orbits size and their periods decrease with C, and the orbit tends toward peripherals P 3 and P 6 .
C. Family J
Orbits of this family only surround the primary P 1 (Fig. 8) . On the plane x 0 C, the curve of this family is almost parallel to the zerovelocity curve (ZVC). Orbits are retrograde, and those orbits close to P 1 are almost circular. Although this problem is different from the restricted three-body problem (RTBP), we find some analogies between orbits of the two problems. Indeed, orbits of family G are analogous to the distant retrograde orbits (family f) of the RTBP.
Because the family J is not a one-to-one function with respect to the Jacobian constant C, the stability index a is plotted in Fig. 9 (left) as a function of the initial condition x 0 . Fig. 15 The group P for 0:1 (top) and 0:14 (bottom). In Fig. 10 we plot some orbits of this family. As happened with family J, orbits only encircle P 1 , but in this case, the orbits are direct. They seem to spring out from the critical point that is outside of the ring and on the Ox axis. The curve of the family K on the x 0 C plane is almost parallel to the zero-velocity curve. Orbits close to the primary are stable and almost circular. As C decreases, orbits have a segment with very small curvature; these bell-shaped orbits are highly unstable (Fig. 9, right) .
We note again that family K is quite similar to families g (and/or g 0 ) in Hill's or RTBP model.
E. Family I
In Fig. 11 we plot several orbits of family I for the three cases of the parameter . The global behavior is similar. The orbits are retrograde and unstable. Orbits encircle primaries P 0 , P 1 , P 2 , and P 7 , whereas the remaining primaries are outside the orbits. The size of the orbits reduces with decreasing C. Initial conditions for the orbits plotted in Fig. 11 are in Table 2 . In Fig. 12 we show the evolution of the orbits of family IA for 0:1, 0:14, since this family does not exist for 0:3. On the plane x 0 C (Figs. 3 and 4) , the curves for families I and IA look very similar and are very close to one another. However, orbits of these two families are quite different indeed: in Family IA the peripheral P 1 is outside the orbits, as we can see in Fig. 12 . The family is made of retrograde and highly unstable orbits. When decreases, the curve of the family on the x 0 C plane appears at higher values of C.
G. Family IB
Orbits of this family encircle primaries P 0 and P 1 (see Fig. 13 ). The family is made of retrograde and unstable orbits.
V. Groups of Families of N's and P's
For negative values of there are two groups of families, namely, N's and P's (thus dubbed because they are obtained for negative and positive values of the initial condition x 0 , respectively). Families N and P spring from the unstable collinear equilibria (see Figs. 3-5) , and from these families emanate many new families denoted PL's, NL's (L for left) and PR's, NR's (R for right), as shown in Figs. 14 and 15. The collinear equilibria are determined by the nonsphericity of the central primary, and they do not exit for smaller than a certain bifurcation value [7] ; for instance, for 0:3 this equilibrium does not appear. Consequently, we will analyze the orbits for 0:1 and 0:14.
For a certain value of the parameter 2 0:14; 0:1 the branch of family N is broken into two parts. The upper part is denoted as NU, whereas the lower part is denoted as ND. The breaking point coincides with the bifurcating point of the main family N from which the two families NL5 and NR5 emanate. Thereafter the lower part of family NU continues with the family NR5, while the upper part of family ND continues with NL5 (see Fig. 14) . The same situation happens for the family P, giving rise to the branches PU and PL (see Fig. 15 ). Orbits belonging to these families are circular trajectories surrounding the central body. Orbits in N are retrograde, whereas orbits in P are direct. Some samples for 0:1 are given in Fig. 16 (left) and their initial conditions in Table 2 .
The subfamily of N whose curve is very close to the zero-velocity curve (the boundary) is denoted by NB (see Fig. 14) . These orbits do not surround any primary but the critical point, as shown in Fig. 16 (center and right). Orbits of PB are similar to the ones of NB; however, the trajectories are direct.
B. Families NL, NR, PL, and PR
The curves of these families start from the N and P families (see Figs. 14 and 15).
In Fig. 17 there are orbits of branches NL and PL. We recall that orbits of families N and P are circular around the central body. As soon as we move along the branch NL (PL), there are undulations on the circle that soon after turn into a star-faced regular polygon. The number of vertices depends on how close the NL (PL) is to the equilibrium, in such a way that the more the family curve approaches the critical point the more vertices appear. For instance, the two orbits on the left in Fig. 17 have five peaks, whereas the two orbits on the right have 10 peaks. In the case of NL orbits, peaks point toward the central body, whereas in PL orbits, peaks point toward the exterior. This is the main difference between the two families. After a certain value of C, the peaks convert into loops giving rise to flower-shaped orbits. As is expected, the period increases with the size of the orbits. Initial conditions for orbits of these families are given in Table 3 .
With respect to the branches bifurcated to the right of N and P, that is, branches NR and PR, these orbits are almost identical to their corresponding ones in NL and PL families; the shape is the same but symmetrical to each other with respect to the y axis (see Fig. 18 ). However, the stability is different as shown in Fig. 19 .
VI. Conclusions
The N-body ring problem is considered when the central mass is a prolate spheroid, which introduces a new parameter < 0. For this problem we consider several values of and find families of periodic orbits and their stability. The dynamics are very rich and the variety of orbits very wide; thus, we find orbits surrounding one, several, or no primaries, or even more complicated trajectories such as flowershaped periodic orbits.
The model considered in this paper is an extension of the Maxwell model for Saturn's rings and was proposed by the authors [7] . The paper may be considered as an extension of a previous work of Pinotsis [14] , where the classical case 0 was considered.
Several periodic orbits different from the ones considered here have been detected, as was expected when the grid-search method was used to find periodic orbits. The analysis of these orbits by a different method, such as the numerical continuation of families of periodic orbits, is in progress. . 14) .
